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An opportunity exists to improve the profitability of 
block-caving mines by the use of operations research tech- 
niques. In this thesis linear programming has been applied 
to the problem of production scheduling in block-caving 
mines with the objective of maximizing the total revenue of 
the operation, subject to requirements on production, uni­
formity of the grade of the ore produced and limitations
concerning the dilution of the ore»
Optimum solutions were obtained in the application of^ 
a theoretical model to synthetic data, and in the applica­
tion of a different model to the Ceresco Level of Climax 
Molybdenum Mine, The total revenue obtained by the applica- 
tion of the model was found to be 4.25^ greater than the one 
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Mines that are operated by block caving, are in most 
cases large mines; hence to run these mines large sums of 
money are needed. Consequently, if we could provide a mining 
sequence or a production schedule that could make the opera- 
tion more profitable, i.e. 1% or so, this would mean a great
sum of money for the Company.
The purpose of making this study was to develop optimiz­
ing models of long- and intermediate-range production planning 
for two cases of block caving, namely Total Block Caving and
Progressive Block Caving.
By Total Block Caving is meant that a large area of a
mine is undercut at one time and the contact plane between
the sinking ore and the waste above is drawn essentially
horizontal. A theoretical model will be presented and an
application of this model to fictitious data will be solved.
The data will be fictitious because this method, although
optimum with respect to dilution problems, requires a very
large investment with no production in the development stage.
Because of this last reason, no mines that use this method
were found, at least here in Colorado.
Progressive Block Caving involves the exploitation of a 
mining area including development and ore drawing at the same
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time, in this way the initial investment is not so large and 
a revenue is obtained at once from the ore extracted. For 
this mining method, a model will be presented and an applica­
tion of the model to the Ceresco level of the Climax 
Molybdenum mine will be made. Also the effect on managerial 
decisions to be made, i.e. cut-off grade, angle of drawing 
plane, etc., will be discussed®
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METHODS QF ANALYSIS
The following analytical methods require consideration 
in attacking the problem of optimizing production from block- 
caving mines :
Network Methods 
Methods like Program Evaluation and Review Technique 
(PERT) and Critical Path Methods (CPM) have been useful in 
production scheduling. However, these techniques are not 
suitable for making decisions based on optimality* In this 
case, the optimum solution of the problem has to be chosen 
from among numerous possibilities* For this reason, these 
techniques are not directly applicable.
Simulation
Simulation is a useful technique that can be applied to 
find the best solution of a problem from among a reasonable 
number of alternatives. In this particular case this method 
cannot be successfully applied because there is an infinitely 
large number of different possibilities to study. ihis would 
make the analysis very long and tedious.
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Dynamic Programming 
Dynamic Programming is a technique that can be used to 
optimize a function subject to a few constraints, i.e. two or
three »
In this case, the number of constraints exceeds 500» 
Therefore, this technique cannot be used*
Mixed Linear-Integer Programming 
This technique can be used to optimize a function subject 
to linear and integer constraints. The integer constraints 
can include 0 or 1 variables. A model of this kind was pro­
posed for the solution of the problem. However, its applica­
tion was impossible due to the fact that no large codes which 
can solve this type of mathematical model are available.
Linear Programming
Linear programming was chosen in this case in view of
the following factors :
1. It does provide an optimizing model
2. The objective function and the constraints for this 
problem can be written as linear functions without destroying
the practical meaning of them
3. Large linear-programming codes are available.
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TOTAL BLOCK-CAVING LINEAR-PROGRAMMING W Æ L .
Statement of the Problem 
Let us consider that we have an ore body like the one 
shown in Fig. 1. After geological and rock mechanics studies 
of the ore body, it was determined that the best mining method 
to be used is block caving. From the above-mentioned studies 
the characteristics of the blocks, that is to say, length, 
width, and height, were also obtained.
From economical feasibility studies, the capacity of 
the concentrating plant and the capacity of all the other 
facilities were deduced, hence, the life of the operation can
be determined.
So far we have an ore body with given reserves, with a
given life, and with a kind of rock suitable for Block Caving.
According to this rock type, the ore body has been divided
into elements or blocks. Now we can divide the life of the
ore body into several periods of time»
The problem is to determine the quantity of ore to be
extracted from each block In each period of time in order to 
maximize the total profit of the operation subject to certain 
limitations such as the capacity of the concentrating pj.ant, 
uniformity of the grade of the ore produced, intermediate 
haulage capacity (if an Intermediate haulage system exists.
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as in the case of the Climax mine), and restrictions concern­
ing the dilution of the ore*
This production—planning study can be a long— , inter­
mediate-, or short-range production planning, depending only 
on the number of periods of the time into which we divide 
the. life of the ore body. That is, if we divide it into 
periods of several years each, it would be a long-range pro­
duction plan. On the other hand, it can be divided into 
periods of only a week each; this would be a short-range 
production plan and it would be more useful for the everyday 
operation of the mine. However, this decision is up to the 
manager of the mining company.
Assumptions
1* The ore body has been previously divided into levels, 
and each level was divided into elements or blocks * In this 
study the production planning of one level only will be con­
sidered, since the study of the others is similar (Fig* 2)*
2. It will be assumed that a large area of the level 
has been undercut at one time * This study will start from 
this point to determine the optimum-production schedule of 
each block.
3* It will make no difference in this study whether a 
block has one draw point or several draw points since one 
variable will be defined for each draw point ; consequently.
T 1424





Figure 2 First layer of blocks of the fictitious ore body The shaded area indicates the ore.
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the number of draw points will determine only the size of the, 
problem.
4. It can be assumed that the production of each draw 
point In a certain period of time Is linearly proportional 
to the height of the ore column that caved In that period of 
time. In other words, there Is a column of even cross sec­
tion that caves down when ore Is drawn from a given draw
point.
Gravity flow of granular materials has been studied by 
Kvapll (1964, p. 34). FiS* 2a, b, c, and d of Kvapil's 
publication have been Included in this thesis as Fig. 3, and 
they show that this assumption will not lead to greater 
errors.
In the upper part of Pig. 2c arid d It can be seen that 
a cone Is starting to develop; this would make the third 
assumption invalid. However, this cone. In the case of an 
underground mine will start to develop in the overburden. 
Consequently, this will not affect the flow of ore; there- 
fore3 this assumption is still valid.
5, It can be assumed that the contact plane between the 
•ore and the waste above of the mining area Is horizontal. In 
other words, every block has the same height; however, this 





Figure 3. Model illustrating gravity flow of granular 
materials (by Kvapil, 1964, p. 34).
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Mathematical Formulation 
The mathematical formulation of the model will he given 
for the general case In order to show the flexibility of the 
model•
A numerical example will be Included as an illustration 
of the use of the model and the conclusions that can be 
obtained.
Specifications of Parameters and Variables
Subscripts : All the variables involved in the model
will contain the three following subscripts;
1 - Indicates the number of a given block In the direc­
tion of the X coordinate axis.
j - indicates the number of a given block in the direc­
tion of the Y coordinate axis.
t “ indicates the number of the period of time. 
Variables : The variable X^j^ will indicate the number
of tons extracted from a block that has a location igj in a
time period t.
Specifications of Mine Parameters; G(ij) ” grade of 
the ore contained in a block of location ij. It is assumed
here that the grade of the ore contained in a block is con­
stant for the production planning time. However, the ore 
grade decreases towards the end of the life of the block, 
down to the point of reaching the cut-off grade* This prob^ 
lem can be solved by changing the input data when the real
. . ilT 1424
world conditions change.
T(ij) - tonnage of ore originally contained in a block
of location (ij).
B(ijt) - profit per ton of ore contained in a block at
location (ij), in a period of time t.
The profit per ton depends on the time because of the
capital interest.
L(t) - lower bound on the production of the period of
time t. This lower bound is determined by the mining company
according to their minimum production requirements.
U(t) - upper bound on the production of the period of
time t. This upper bound is usually given by the capacity
of the concentrating plant.
g(t) - lower bound on the average grade of the ore pro­
duced in period of time t.
G(t) - upper bound on the average grade of the ore pro­
duced. The upper and lower bound on the average grade of 
ore produced in any period of time is usually given by the 
operating conditions of the concentrating plant ; i.e. if it 
were a flotation plant, large variations on the ore received 
by the plant are not desirable because it causes trouble with
the amount of reagents used in the plant,
Skt - capacity of the k^^ intermediate haulage system
in the period of time t.
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Specifications of Geometric Parameters: 
a - Width of a block 
b - Length of a block
P - Conversion factor. This conversion factor gives a 
relation between a given number of tons drawn from a block and 
the height of the block that caved by drawing that number of
tons.
p - Weight per unit volume of the ore. It will be assumed 
that this parameter Is constant throughout the ore body, 
the case of an ore body suitable for block caving, this
assumption is quite true.
The conversion factor p Is calculated thus: The number
of tons contained In one unit of height of a block of cross.*
section a x b is p :
p = a x b x l x p  (tons/ft)
ai - Upper bound on the angle that the plane between 
the ore and the waste above forms with an horizontal plane.
- Lower bound on the angle that the plane between 
the ore and the waste above forms with a horizontal plane.
Objective Function
The objective function will be to maximize the total
profit of the mining operation; analytically the objective
function will be:
m n r
Max Z =  ̂  ̂  ̂ ^ijt*^ijti=l j =1 t=l
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General Constraints
1 — Lower bound on the production of each period of time
2 Z X. ... > L(t) for t = l,....»r
i j ^
2 - Upper bound on the production of each period of time
Z 2 X. < U(t) for t = l,.....r
i j
3 - Each block contains a certain number of tons of ore; 
therefore the number of tons drawn from each block cannot 
exceed this number;
rZ X̂- .4. <. T. . for i = 1 ,2 . . . . .m
t=i j — l,2 ««»..n
4 — The average grade of the ore produced in a certain 
period of time will be restricted to vary within certain 
limits, upper and lower bound:
2 2 X * . . G .  ,
 ̂ J r » i  o(t)
1 3 131
: 5
5 “ The number of tons drawn from a certain group of 
blocks that is served by a given intermediate haulage system 




y y Y < S,, for t - 1,2,.....r. . kt
 ̂ k = 1 ,2 ,.*a**^
i and j will vary within the group of blocks served by a 
particular intermediate haulage system.
Geometric Constraints
The purpose of this group of constraints Is to avoid as
much as possible dilution of the ore.
The contact plane will be referred to as the plane or 
surface that lies between the ore and the waste above
It was stated before that the contact surface was orig­
inally flat, From a dilution point of view. It woul 
optimum to maintain the contact surface horizontal through­
out the entire life of the mining area; however, this Is 
difficult to achieve practically. Therefore, the angle that 
the contact plane forms with a horizontal plane will be
allowed to vary between two limits. and ctg.
As the optimum situation Is to maintain the contact
plane horizontal, and Ug will be small angles. I.e. +10°
and -10°.
Fig. 4 illustrates how to obtain the analytical expres 
Sion of this constraint for the case of two blocks.
Upper bound on a:




Figure 4. Illustration of the geometric constraints for 
one period of time, for the total bloc 
caving model.
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Lower bound on a:
> tan (-«2)P s
Notice that y^in‘-'^211 measured in tons; therefore, it was 
divided by the conversion factor P to obtain longitude units. 
This constraint can be expressed analytically for the 
general case as follows :
Upper bound on a:
^ill***^il2 • •^ilr” ^^i+l ,l,l°**^i+l ,1 ,2"̂' ' ’̂ i+1 ,1 ,r.̂
< sPtana^
Lower bound on a:
*ill'''^il2 • • •^llr‘'^^i+l,l,l'^^i+l,l >2 ' '^1+1,l,r^
sPtana2 
for i = 1 ,2 ,.....m~l
and
- ' -&jr"(&,j+l,l'^^m,j+l,2 '^m,j+l,r^
<. sPtana^
^ sPtana2 
for j = 1 ,2 ,.....n-1
Principal direction will be referred to as the direction 
in the mining area (in plan view) in which the angle a can 
vary.
17T 1424
Secondary directions will be referred to as any line
perpendicular to the principal direction.
The angle that the contact plane makes with an hori­
zontal plane will be restricted to vary in the direction of 
the principal direction only; therefore, the amount drawn 
from every block contained in a secondary direction must be 
the same; analytically this constraint is expressed by
h j t  = ^i+l,J-l,t= h + 2 ,j-2 ,t =
This constraint was Included because it is quite true 
in the real world.
Application of the Model 
The Total Block-Caving Model will be applied to syn­
thetic data in order to show the way in which the model is 
operated and the conclusions that can be obtained from it.
As stated, the data are fictitious; however, it is 
typical of what one might find at the ”E1 Salvador" mine in
northern Chile,
The model will be applied to the following set of values
for the parameters previously defined: 
m = 2 so i = l ,2
n = 3  so j = i , 2 , 3
r = 3 so t = 1,2,3
. . 18 T 1424
(grade of the ore contained in each block)
G(l,l) = 2.1 
G(2,l) = 0.9 
G(l,2) = 1.1 
G(2,2) = 1.8 
G (1,3) = 0.7 
G(2,3) = 0.8
(Profit per ton of ore contained in each block)
B(l,l) = 5.0 
B(2,l) = 3.8 
B(l,2) = 4.2 
B(2,2) = 4.5 
B(l,3) = 3.9 
B(2,3) = 4.0
Pig. 5 illustrates the characteristics of the fictitious
ore body.
height of each block = 10 0m
length of each block = a = 50m
width of each block = b = 50m
volume of each block = 250,000ml
density of the ore = 2.8 (tons/ml)
tonnage of each block = ~ 700,000 tons ^
conversion factor P = 7OOO T/m
distance AB = BC = CD = s = 36 m (Fig. 5)
upper bound on a = = 10®
lower bound on a = 0L2 -10®










Figure 5. Distribution and characteristics of blocks for
the application of the total block-caving model.
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L(t)= 140,000 tons/period of time 
G(t)= 1.4^ Cu 
t)= 1.0% Cu
For the simplicity of the analysis it was assumed that:
The profit per ton of ore in each block is constant for 
every period of time; in other words, the interest on tne
capital was not considered.
The grade of the ore contained in each block does n
Change with the time; this assumption is quite reasonable in
this case because the exploitation of the -area is just
beginning.
The dimensions of each block are the same. Thi 
in most block-caving mines, unless the blocks dealt with are
on the boundary of the ore body*
Intermediate haulage does not exist; this assumption 
is true in block-caving mines that use the Long Raise System; 
this is the case of the El Salvador mine.
Mathematical Formulation
Objective Function; As the linear programming code
minimizes, the objective function can be written as
Min Z = -5.0 Xiii - 3.8 X g n  - 't.2 X^gl - '̂ '5 ^221 " 3.9 ^131 " ^231
-5.0 X112 - 3.8 X 212 - 4.2 X122 - “ -S X222 - 3.9 X132 " ^232
-5.0 X113 - 3.8 X213 - 4.2 X123 - ^223 - 3-9 % 3 3  “ ""233
21
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Constraints ; As this numerical example is small, all the 
constraints will be written without using abbreviating symbols, 
in order to make the model easier to understand*
1 - Upper bound on the production of each period of time;
Period I: (UBPPl)
^111 - ^211 + ^121 + ^221 + 9:131 + ^231 ^ ^70,000 tons.
Period II: (UBPP2)
■ * X,,2 . ♦ X232 < iro.ooo tons.
Period III: (UBPP3)
Xll3 + + X,,3 4. X,,3 t X,33 + X,,3 < 170.000 tons.'
2 - Lower bound on the production of every period of time: 
Period I: (LBPPl)
Xlll + %211 + % 2 1  + 9:221 + 9(131 + ^2 31 > 140,000
Period II; (LBPP2)
% 1 2  9(212 -t ̂ 122 9:222 + ^132 ^232 ~  ^40,000
Period III: (LBPP3)
^113 + 9(213 9:123 9:223 9(133 9(233 2. 140,000
3 — Ore reserves of each block;
Block 11: (ORBll)
9:111 + 9(112 + % i 3  < 700.000
Block 21: (0RB21)
^211 9:212 9(^13 —  700,000
Block 12: (0RB12)




X221 . ^222 . >'223 ^
Block 13: (0RB13)
% 3 1  * >'132 * »133 ^
Block 23: (0RB23)
X231 * »232 * ='233 ^
, . opper bound on tb. avorag. grad, of th, or. produo.d
in each period of time :
Period I: (UBGPl)
2 .1x111 + 0.9x211 + 1 .1X121 + 1 .8X221 + ^ < 1.4
xiii + X211 + X121 + 9:221 + 9:131 + 9:231
The result after reducing this equation is
0.7x111 - 0 .5x211 - 0 .3X121 + 0.4x221 - 0.7x131 - 0 .6X231 i 0
Following the same procedure, the equations for the other
periods can be obtained:
Period II: (UBGP2)
0.7X112 - 0 .5X212 - 0 .3X122 + 0 .4X222 - 79:132 - ^9(232 ^ 0
Period III: (0BGP3)
0.7X113 - 0 .5X213 - 0 .3X123 + 0 .4X223 - 0 .7X133 - 0 .6X233 ^ o
Lower bound on the average grade of the ore produced in
each period of time:
Period I: (LBGPl)
1.1X111 - 0.1X211 + 0.1X121 + 0.8X221 - 0.3X131 - 0.2X231 Z 0
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Period.II: (LBGP2)
1 .1X112 “ 0 .1X -̂1 ̂  + o,ix.iPP + 0 .8X222 “ 0.3X132 “ 0.2X232 > 0■212
Period III: (LBGP3)
1 . 1 X 1 1 3  -  0 . 1 X 2 1 3  +  0 . 1 X 1 2 3  +  0 . 8 X 2 2 3  -  0 . 3 X 1 3 3  «  0 . 2 X 2 3 3  i  0
5 - In this case no intermediate haulage system exists. ^
6 - Geometric constraints for period I (t=l)
Upper bound on a
Xiii - X211 < 36.7, 000-tan 10° (l=in-l=l) (ANGIPI)
9^211 “ 9̂ 221 —  36-7,000-tan 10° (j=l) (ANG2P1)
X221 - X231 < 36.7 ,000.tan 10° (j=n-l=2) (ANG3PI)
Lower bound on a
Xiii - X211 > 36-7 ,000.tan(-10°')
this can be written as
Xiii - X211 > - 36.7 ,000.tanl^0<y 
but as the minus sign is not acceptable in the right hand 
side, the equation can be written as follows :
X211 - Xiii ^ 36-7,000-tan 10° (i=m-l=l) (AlPl)
similarly :
Xp2i - X23̂ 3_ <. 36.7,000.tan 10° (J=l) (A2P1)
X231 - X221 < 36-7,000.tan 10° (j=n-l=2) (A3P1)
The production of the blocks contained in secondary 




9^211 " 9^121 (MRBLPl)
These blocks are shown In Fig. 4.
Geometric Constraints for Period II
Upper bound on a
Fig. 6 shows how the equations can be obtained for more
than one period of time.
>■111 - ='112 - '"ill - >'212= i  36.7.coo.t.n.lo- (l-l)«»aiP2)
X I * Xppp - (X221 - . 36.r.OO..«n.lO- <1 =1) (X»22P2>
x 2 I  1 1222 - (X231 - X „ , >  3. 36.,.OOO.b.n.lO- C=2>(.«a3P2,
Lower bound on a
X 211 - x , u  - ( X u i  - Xi22= >2 36-7.000.tan.lO- (1.1)<*1P2) 
X ^ l  7 X,,2 - CX211 - % 1 2 >  ^  36.7,000.6a„.10- (3=lHX2P2
X231 - X232 - <='221 - >'222) i 36.7.000.t.n.l0- (J-2)(A3P2)
%222 ~ ^132 (MR0BP2)
X212 = 9(122 (MRBLP2)
Geometric Constraints for Period III (t-3)
Upper bound on a (ANG1P3, ANG2P3, ANG3P3)
Xiil + X3.12 + 9Cii3 - (X211 + 9C212 + 9(213) ^ 36.7,000.tan.lO^
X21I . C - 2 X 3  - <^221 . >'222 - ^223) ^  36.7.000.,a„.10.
X22I + X222 + 9(223 - (9(2 31 + 9(232 + 9(233) - 36-7,000.tan.10












Lower bound on a (A1P3  ̂ A2P3j A3P3)
' X,,, . X,,, * - (X,,, . X,,, . X,13> < 36.7.000.t.n.l0'
( 1=1 )
^221 + X222 + ^223 - (^211 * ^212 ^213) - 36-7,000
X231 + X232 + X233 - (^221 + ^222 + ^223^ - 36*7,000 tan 10 
( J = 2 )
' X223 = ^133 
X213 " ^123 (WRBLP3)
All these variables and constraints form a system of 18 
variables and 42 constraints. This system Is shown In matrix
form in Table 1 #
Solution of the Problem
General: A linear-programralng code called ALPS I was
used to solve the problem with a Burroughs B-5500 computer, 
that uses ALGOL language. The capacity of ALPS I Is for 
problems that have up to 1022 constraints, 1022 variables, 
including right-hand side, slack and artificial vectors, 
16,350 non-zero matrix entries, and 31,682 non-zero tran 
formation entries. The linear-programmlng technique used 
by this program Is the revised simplex method with product
form of obtaining the inverse.
This problem was feasible at the first run.
The Computer times needed were
T 1424 27
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Processing time; 19,8 sec
Elapsed: 42,2 sec
for Input:
Processing time : 20,4 sec
Elapsed: 62.5 sec
Linea r .Programming Results: Value of the objective
function was
z = $2 ,216^850.
Table 2 shows the production schedule of each block9 
the total number of tons drawn from each block, the ore left 
in each block after the whole operation — and the average 
grade of the original reserves, the production of each period, 
the total production, and the ore left in the blocks.
The results shown in Table 2 appear graphically in Fig,
7, From this figure it is possible to appreciate the effect 
of the geometric constraints.
Sensitivity Analysis: As was previously stated, an
appendix dealing with sensitivity analysis will be presented; 
in it all the formulas will be derived and explained.
Here only the facts derived from sensitivity analysis 
will be presented in table form, in order to show the use­
fulness of this technique to managerial decis ion-making.
Table 3 shows the actual profit that is being obtained 
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Figure 7
Shape of the ore body after Period I
Shape of the ore body after Period II
Shape of the ore body after Period III





















1,1 5.0 5.0 A2P1 X231 5.0
UBGPl UBGP2




















1,3 3.9 3.9 UBGPl UBGP2 3.9
A2P1 X2 31
2,3 4.0 4.0 UBGPl UBGP2 4.0 A2P1
X231
1
1,1 . 5.0 5.0 UBGPl UBGP2 5.0
A2P1 X2 31



















“ .,3 3.9 3.9 A2P1 X231 3.9 UBGPl
UBGP2
2,3  ̂ 4.0 4.0 A2P1 X231 4.0
UBGPl UBGP2 
------:---- 1
1,1 5.0 6.3 ANG3P3 X132 5.0
UBGP3 ANG1P2
E  2,1 3.8 3.8 UBGP3 ANG1P2 3.8 X133
XI32
I—1M
«  1 , ̂ 4.2 4.2 UBGP3 ANG1P2
4.2 X133 X132
o
S  2,2 4.5 4.5 X133 XI32 ' OPENw
2,3 4.0 4.0 X133 X132 4.0 ANG3P2 X233
32
T 1424
ton can reach a minimum or a maximum before a change occurs 
in the optimum production schedule. If these limits are 
exceeded, a change will occur; therefore, a variable will 
leave the optimum plan, and a new variable will enter into 
the new plan. Example: when the profit per ton extracted
from block 1,3 in period I increases a little (i.e. 1%), 
the slack variable associated with the upper-bound constraint 
on the average grade of period 1 (UBGPl) will ehuer the basis. 
It means that this slack variable will have a positive value. 
Hence, the corresponding constraint will not be met exactly. 
Therefore, the average grade of period I will decrease. This, 
decrease in grade can be explained as follows: As block 1,3
is more profitable in period I, more tons will be extracted 
from blocks 1,3 and 2,2 in the time period I (note that there 
is a constraint which makes the production of these two 
blocks the same). The average grade of these two blocks is 
(1.8 + 0.7)/2 = 1.25^; consequently, if more ore is extracted 
from these blocks, the average grade of the ore extracted in
period I (that was 1.4} decreases.
The fact that the exiting variable is UBGP2 (slack 
associated to the constraints on the upper bound on the grade 
of period II) means that this slack will have a value of zero; 
therefore, the average grade of period II will be 1.4 instead
of 1 .36.
Vifhen the profit per ton mined from block 1,3 in period I 
decreases, the slack variable associated with the angle shown
33
T 1424
in Fig. 7 between B and C for the first period of time (A2P1) 
will enter the basis. Therefore, this slack variable will 
have a positive value, and the associated constraint will not 
be met exactly. Consequently, the angle mentioned above will 
decrease from 10° to a lower value. This angle decrease 
implies that less tons will be mined from blocks 1,3 and 2,2
in period I.
The fact that the exiting variable is %2 31 
no production will be obtained from block 23 in period I.
Table 4 shows the stability limits for the constraints 
requirements, the exiting variables when these limits are 
exceeded, and the extra profit per unit that can be obtained 
increasing the requirements up to the upper bounds indi­
cated. Of course, if the requirements are decreased to the 
lower bounds indicated, the profit will decrease by the 
amount indicated in the last column. (This last column 
indicates increase or decrease in revenue per unit of require, 
ment.) For example, the upper bound on the production of 
period l'(UBPPl) is 170,000 tons. If this upper bound is 
decreased to l40,000 tons, then the lower bound on the pro­
duction of period I will be met exactly, hence, the sla 
variable of this last constraint (LBPPl) will be equal to 
zero. Therefore, this slack variable will leave the basis.
If the upper bound is increased to 240,299 tons, the 
geometric constraint (ANGIPI) will be met exactly; therefore 
its corresponding slack will leave the basis.
1424
The last column of this table is the most important 
from the managerial point of view because it indicates the
way in which profit could be increased.
In this example, if the upper bound on the production 
of period I could be increased, to the upper range indicated in 
Table 4, an extra profit of 42.3<t per ton would be obtained.
Table 4 shows that the geometric constraints, especially 
the ones labeled as ANG1P3, ANG2P3. ANG3P3, MR0BP3 and 
MRBLP3 have a great influence in the total pro^i 
first three of these constraints deal with angles 1, 2, and
3 Shown in Fig. 7 for period III, respectively. The con­
straint labeled as MR0BP3 states that the production of block 
1,2 and block 2,1 in period III have to be the same. The 
constraint MRBLP3 shows that the production of blocks 1,3 
and 2,2 in period III have to be the same.) For example, 
the requirement.of constraint ANG1P3 i? 10°. However, if 
the requirement is increased to 11° an extra profit of 
$34,300 would be obtained. The bounds on this requirement 
are -4° and 12°; consequently, the present solution is valid 
only in this range; otherwise the problem has to be rerun.
Prom this table it can be concluded that the profitabil­
ity of the mining operation could be substantially increased 
if the upper bcunds on the angle requirements could be impie-
merited,
The solution is quite sensitive to variations in the 
angles. This can be concluded because in most
35
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PROGRESSIVE BLOCK-CAVING MODEL
This model is very similar to the one previously pre~ 
sented, except for the geometric constraints. Therefore, 
the assumptions and equations that are used in the two models 
will be presented briefly in this one.
Statement of the Problem 
As stated in the Total Block-Caving Model, the problem 
is: given an ore body, that has been divided into elements,
determine the production schedule of each element such that 
the total profit obtained from the Block-Caving mining opera­
tion is maximum, subject to the following group of con- 
straints:
1. Capacity of the mining facilities
2. Uniformity of the grade of ore produced
3o Constraints concerning the dilution of the ore.
Assumptions
1 . The ore body has been divided into levels, and each 
level into elements. This study shall consider only the 
production schedules of the elements contained in one level,
since all the levels are similar.
2. It will be assumed that a certain area of the level
has been undercut and is ready to go into production.
T 1424 39
Production will start In this area and progress towards new 
areas that will be put into production when the old ones 
cannot meet the production requirements, subject to the
model constraints.
3, As In the previous model, the production of each
draw point in a certain period of time will be linearly pro- 
portional to the height of the ore column that caved in that
period of time.
4, The contact surface between the ore and the waste
above can have any shape; in other words, the height of the 
different elements is not necessarily the same.
Mathematical Formulation 
The mathematical formulation will be given in general.
A real world example will be included to show the appli- 
cation of the*model in practical situations.
Specifications of Variables
As in the previous model, will be the number of tons
drawn from an element of location i,J in time period t.
Specifications of Mine Parameters
G(ij) - grade of the ore contained in element ij; it is 
assumed here that the ore grade is constant 
within the production planning period of time.
T 1424
TCljt) - tonnage contained in element ij, in period of 
time t. For t=0, T(ijt) will be the original
reserves of element ij»
B(ijt) - profit per ton of ore contained in element ij,
in period of time t . 
i,(t) - lower bound on the production of period t.
U(t) — upper bound on the production of period t.
g(t) - lower bound on the average grade of the ore
produced in period t*
G(t) - upper bound on the average grade of the ore
produced in period t .
S(kt) - capacity of the k^h intermediate haulage system
in period of time t.
Specifications of Geometric Parameters 
a - Width of an element 
b - Length of an element 
p - Weight per unit volume of the ore
P - Conversion factor that gives a relation between the 
number of tons drawn from a given element, and the 
height of ore that caved on the drawing of that 
number of tons. 
p = a*b*p (tons/ft)
Principal Direction: direction in which the mining
progresses, i.e. from one zone of the ore body to another. 




a - angle formed between the contact surface and a
horizontal plane, In the direction of the principal
direction.
— upper bound on et
- lower bound on ot
3 - angle formed between the contact plane and a
lQ,t
horizontal plane in the i^h secondary direction, 
between elements q and q+1, in time period t (Fig. 9)-
^Iqtl “ upper bound on g^qt
^Iqta “ bound on
Ô - difference in ore reserves between the highest
ijt
element and an element ij in period .
It is assumed in this definition that all the elements
have the same cross-section.
«ijt = (^ijt) - ^ijt
Objective Function
Maximize the total profit of the mining operation:
m n r
Max z = Z  ̂ ^ ^ i j t ‘®ijti=l j =1 t-1
General Constraints
1. Lower bound on the production of each perxod of time.




2. Upper bound on the production of each period of time
Z Z X. <. U(t) for t = 1, .... .r
i=l j=l
3. Ore reserves of each element ;
Z It ^ T.. for i = l.....m
t=l « for j — l».*.»n
4. Upper and lower bound on the average grade of the 
ore produced in each period of time.
X X X..t G.. _i i . < G(t) for t = 1: s
> g ( t )
5. Capacity of the intermediate haulage systems:
? Z X. ^ ^ ... ^
i=l j=i V - 1 k
i and j will vary within the group of elements served by a 
particular intermediate haulage system.
Geometric Constraints
Upper and Lower Bounds on Angles Along the Princioad
Direction: The contact surface will be allowed to move along
the principal direction, forming an angle with a horizontal
plane that'can vary within given limits.
43
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will be referred to as the average of all the 
contained in the secondary direction in period t,
will be referred to as the average production of 
all the elements contained in the l^h secondary direction, 
in period of time t .
Ĵlt p
for = 1 • • • *m p “ 1, <* »
Ÿ  - V l  + ^m-1,.1+1 + ^m-2,J + 2 + . ^ - pU ± £
^£t ** p
for £ = m + ô  j = 2....n
Fig. 8 shows a profile of the principal direction and
only two secondary directions to illustrate how this geo­
metric constraint can be expressed analytically.
Upper bound on a
• Sp ' ^
Lower bound on a
+ ^&t - ^&+lk + ^ tan a,
Sp
In this model a will vary approximately between 0° and 45°.
Upper and Lower Bounds on Angles Along the_ Secondary - 
Direction: The first geometric constraint allows the contac
surface to move along the principal direction. However, in 








Figure 8. Illustration of geometric constraints^along the principal direction^ for the progressive block 
caving model.
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in height between two adjacent elements because the original
contact surface can have any shape.
This constraint will smooth the secondary direction 
contact lines progressively, i.e., if originally the contact 
lines form an angle of 80° between two adjacent elements, in 
the first period this angle will decrease to 50°, in the. 
second period to 30°. etc., finally to a variation between
plus or minus 15°*
This is the reason vjhy the angle 3 has three sub inde
S, indicates the secondary direction number; q indicates the
position in that secondary direction; and t, the period of
time •
Fig. 9 illustrates this type of constraint. Analytic-, 
ally this constraint can be expressed as:
sp
j . h j k  + h j o  - a / l - l , j + l , k  + > tane^qtz
sp







First Application of the Model 
The Progressive Block-Caving model will be applied to 
intermediate and long-range production planning of a part of 
thé Ceresco level of Climax Molybdenum Mine.
Climax Molybdenum Mine
Location; The Climax Molybdenum Mine is located in the
state of Colorado, 12 miles NE from Leadville by Highway 91.
Ore Body: The ore body is located on the west slope of
the Ten-Mile Range in central Colorado. The Climax Molyb­
denite deposit is the largest known to man at present. Its • 
ore reserves are estimated to provide a 30 to UO year life
for the mining operation»
The Shape of the ore deposit is like the top half of a
massive cantalope. This formation, located near the center
of Bartlett Mountain, is covered by 100 to 200 ft of glacial
debris.
The Mine; The mine is divided into four main levels; 
Phillipson level (elevation 11,463)
Storke level (elevation 11,168)
600 level (elevation 1 0 ,868)
Ceresco level (elevation 11,435)
The production of the mine is 43,000 tons per day. This
ore is produced mainly at the Phillipson and Storke levels. 
The Ceresco level does not work at full capacity. The 600 
level is still in the development stage.
48
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The mining method is progressive block caving, and it
is standardized throughout the mine,
A set of drawings included in the pocket of this thesis
show the mine levels, the method and the procedure used for
undercutting the production areas.
The linear programming technique for determining optimum
production schedules will be applied to the part of the 
Ceresco level which was in production when this thesis was
started.
Ceresco Level; The drawing number 10 Q-2 (included in 
the pocket) shows the production blocks (406. 408. etc.).
Each block contains a number of slusher drifts (406-22.
408-10, etc.). Each slusher drift contains normally six 
fingers (406-22A, 4o6-22B, etc.). The slusher takes the ore 
from the fingers and dumps it into the train which runs
through the haulage drifts (406, 4o8, etc.).
The application of the model will include the fingers
contained in the following slusher drifts: 406-10, 406-12,
406-14, 406-16, 406-18, 406-20, 406-22, 4o6-24, and 408-9
through 408-25»
A rectangular coordinate system (i,j) was used in order
to simplify the notation. Axis i coincides with the haulage 
drift 406 and axis j is perpendicular to the former. The 
origin (1,1) coincides with the finger 406-24A.
The numbers adjacent to the letters A, B, C, etc. ind' 
cate the tonnage in thousands of tons contained in each finger.
49
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The circled numbers indicate percentage drawn from each
finger.
Mathematical Formulation
of the H_lne _ P a r a m e ^ :  In this section all
the parameters defined in the mathematical formulation of the
model will be evaluated.
The values given to these parameters were provided by
Climax Molybdenum Co.
i - will vary from 1 to l6
j _ will vary from 1 to 9
There are only 14 3 fingers in production because finger
(16,1) does not exist (Ceresco level drawing).
' t - will vary from 1 to 2 (there are only 2 periods of
time),
U(t) = 831.983 tons per period. This figure was 
determined thus. As can be seen from the drawi g
ceresco level, a certain number of tons has been drawn from 
each finger. The total production of the area of interest 
was 1 .663.966 tons up to the day in which this thesis was
started,
AS the model will consider two periods of time. U(t) 
was chosen to be one-half of the actual production of the 
area, so as to be able to compare the revenue actually 
obtained by Climax Molybdenum Co. with the one obtainea by 




L(t) = 600,000 tons 
g(t) = 0.2%
G(t) ” 0,3^
s(kt) = 250,000 tons (constant for ail k and t)
This represents the capacity of each slusher in each 
period of time. This figure was obtained as follows, 
capacity of a slusher is 5 0 0  T/day or 1 5 , 0 0 0  T/month.
The production of the whole level is about 5 0 , 0 0 0  
T/month, consequently the production of 831,983 tons was 
Obtained in l6.7 months. Therefore, the capacity of a 
Slusher in 16.7 months is 2 5 0 , 0 0 0  tons. T a b l e  IB (included
in Appendix B) shows
- The name of each finger
- The location (ij) of each finger
_ The tonnage contained in each finger (T^j)
- The grade of ore contained in each finger (^ij)
_ The revenue per ton obtainable from each finger (Bij)
- The value of j each finger
6 . . == 39-10^ tons - T^j IJ
F.valuation of Geometric. Parameters^» 
a = 32 ft (width of a finger) 
b = 32 ft (length of a finger) 
p = 1 6 0  Ib/ft^ (density) 
p = 82 T/ft = 0 . 0 8 2  T lo3/ft
51
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= 1450 upper bound on a (Fig. 10) 
a2 = 0° lower bound on a (Fig. 10)
Table 5 shows how to determine the angles B^qtl
*lqt2
Table 5
Angle Between 2 
Adjacent Fingers 
























Table 6 shows the same angles as Table 5, but expressed 
in thousands of tons of difference between two adjacent fingers
Table 6 
„ p p „  Boup.=^on
Expressed in Thousands of Ton
Difference in 








































Figure 10 Principal direction profile, showing upper and lower bounds on the angle a for the progressive





Table 7 shows the fingers contained in each secondary 
direction and the average 6 of each secondary direction.
Solution of the Problem
m e n  all the parameters previously defined are intro­
duced in the corresponding equations, a system of 571 con 
straints and 705 columns is formed. The number of matrix
entries is 5159»
The problem was run in a Burroughs B-5500 computer.
The linear-programming code used was ALPS-I,
The problem was found to be feasible after the 356
iteration.
The optimal solution was reached at the 446^ iteration.
Computer times: processing time - 1 hr, 46 min, 22
input-output time - 3 hr, 54 min, 38 sec
Linear-Programming Results^; The value of the object 
function was $15.625,058, for the two periods of time. The 
total revenue for the first period was $7,790,301, and for
the second period $7j83^>757«
Table 2B (included in Appendix B) shows
- the location of each finger (,ij )
- the original grade of the o r e  contained in each
finger.
- the revenue per ton of ore of each finger
- the original reserves of each finger
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3,1 2,2 1,3 
4,1 3,2 2,2 1,4 
5,1 4,2 3,3 2,4 1,5 
6,1 5,2 4,3 3,4 2,5 1,6 
7,1 6,2 5,3 4,4 3,5 2,6 1,7 
8,1 7,2 6,3 5,4 4,5 3,6 2,7 1,8 
9,1 8,2 7,3 6,4 5,5 4,6 3,7 2,8 1,9
10.1 9,2 8,3 7,4 6,5 5,6 4,7 3,8 2,9
11.1 10,2 9,3 8,4 7,5 6,6 5,7 4,8 3,9
12.1 11,2 10,3 9,4 8,5 7.6 6,7 5,8 4,9
13.1 12,2 11,3 10,4 9,5 8,6 7,7 6,8 5,9
14.1 13,2 12,3 11,4 10,5 9,6 8,7 7,8 6,9
















16 15,2 14,3 13,4 12,5 11,6 10,7 9,8 8,9
17 16,2 15,3 14,4 13.5 12.6 11,7 10.8 9,9
16,3 15,4 14,5 13,6 12,7 H , 8  10,9
l6,4 15,5 14,6 13,7 12,8 11,9 
l6,5 15,6 1^,7 13,8 12,9


































-.the total production of each finger 
_ the ore reserves left In each finger
- the total reserves of the mining area
- the average grade of the total reserves
- the total production of each period with its
corresponding grade.
- the total production of the whole operation with
its average grade.
» the total reserves left after the mining operation
with its average grade.
The production schedules of each finger are shown graph-,
ically in Figs. lA through 22A. PlS* H  ^ profil 
principal direction. Figs. lA through 22A are profiles of the
secondary directions and are included in Appendix A.
R^n.itivitv Analysis: In the application of the pro­
gressive block-caving model, the sensitivity analysis will 
be presented in the form of questions and answers. These 
questions might occur to a mine manager that has received a
linear-programming production schedule.
1. There are some fingers that are not in the optimum 
plan; in other words, their production is equal to zero 
' or both periods of time. For these fingers, how much does 
the revenue per ton have to increase before they are con­
sidered in the optimum plan?
The answer to this question can be found in the.column











Table 8 shows the fingers that are not considered in 
the optimum solution, their actual revenue per ton, and the 
necessary increment needed for them to come into the optimum 
plan. For example, finger 1.2 has an actual revenue of 
$7.568 per ton. This finger was not considered for produc­
tion in either time period I or II. However, if the revenue 
per ton in period I had been 7.568 + 1-536 = $9.104, thus 
finger would have been considered for production in period
I. If the revenue per ton in period II had been $7.568 + 
$0.757 = $8.325. finger 1,2 would have been considered for
production in period II*
It can be seen from Table 8 that some fingers like
finger 2,6 in period I have a necessary revenue increment of
zero to be able to go into production. This means that the
Optimum solution is not unique*
2. There is a group of fingers which are in production
according to the optimum plan. The grade of the ore con­
tained in the fingers is not constant; therefore, the 
revenue per ton is not constant. The question is, "What 
are the limits within which the revenue per ton and the 
grade can vary before there is a change in the optimum solu-
tion?”
Table 3B (included in Appendix B) shows the fingers 
that are actually in production, their actual revenue per 
ton and grade. It also shows the limits within which these 




Finger Actual Revenue ^®pe%od^i^"''''^"'^Period II”j per ton reriuu
1^2 7^568 1-536 0.757
X 3,2 7.293 0.000
15.2 7.293 9.120




16,3 6.605 16.393 14.445
8.600 0.519












16 5 5.882 28- W 5 9.69«













13 a Change in the optimum plan. For example, finger 1,1 
has an actual revenue per ton of $7.912, Which corresponds 
to a grade of 0.230?. (Note that the revenue per tun us 
linearly proportional to the grade.) This finger was con­
sidered in the production schedule for time perxods I an 
XX. Finger 1.1 will be considered in period X as long as 
Its grade in this period remains between 0.234? and 0?,
Which corresponds to a revenue per ton of $8.042 and $0.0, 
respectively. Finger 1.1 will be considered in time perxo 
XX as long as its grade in this period remains 
and 0 .226?, which corresponds to a revenue per ton o $9.
and $7.782, i-espectively.
Of course, these changes in revenue per ton and gra e
mean a n  increase or decrease in the value of the objective 
function; however, they do not mean a change in the number
of tons produced from the relevant finger,
Xn general, it can be concluded from this table that the
upper and lower bounds on the grade or revenue per ton are 
either widely separated (cases in which one of the bounds xs 
open) or they are very close to eacn otner (cases 
the upper and lower bounds are the same). In the first 
cases, the solution is not sensitive to grade changes xn 
Phe fingers. In the second cases, the optimum solution is 
extremely sensitive to grade changes; this means that xf the 
grade varies a little in these fingers, the solution will no 
longer be valid and the problem would have to be rerun.
60
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3 If the production requirement cannot be met exactly. 
What are the limits within which the production of each 
period of time can vary before there is a change in the 
basis? What influence in the total revenue would a change 
in the production have (as long as this change is within
limits mentioned above)?
The answers to these questions can be found 
per eaa.ple. the production requlre.ent for period I Is 
831,983 tons. The solution will not cnange so 1 g 
production of period I remains between 820,647 tons and
846,505 tons.
The c o l u m  "Extra Profit per Ton" has an Inportant
...nlhE fro. the ..nag.rial point of view. Per sxa.pl.. if 
the production requirement In period I 1. decreased or 
increased, a loss or extra profit of $9.50T per ton. 
respectively, will be obtained.
T a b l e  9
 ----------------------------- -— :  " UDoer E x t r a  Profitoptimum Lower go^nd (per ton) _Production
831.953
831.983 769.850 9*7.877 9.377
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4. The grade constraints for each period of time show 
that the average grade of the ore produced has to be between
0.2? and 0.3% molybdenum.
What influence did this constraint have in the linear
programming system?
c «  anything ha said about th. aoono.loal Influons, of
.hanging th. upper or lower hound of the average grad.
desired?
In this particular case, the grade constraints were not 
binding. This is evidenced by the fact that in both periods 
of time the slack variables associated with each constraint 
bad positive values. Hence, none of the constraints were met 
exactly. Therefore, in this case this group of constraints
could have been left out•
in other words, hy the satisfying of the geometrl. con-
straints and the production constraints, the grade const
were satisfied automatically.
The geometric constraints could become binding,if the
lower bound is higher than the average grade of the ore pro­
duced. or the upper bound is lower than the average grade 
produced. In this case, whether the lower bound had been 
higher than 0.289% for period I. and higher than 0.283% for 
period XI, or whether the upper bound had been lower than
0.289% for period I and lower than 0.283% for period II. It 
ean be concluded from this that the most important con­
straints are the geometric constraints. This group will be
62
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analyzed in the next section.
5. The geometric constraints will be analyzed in the
same way as the p r o d u c t ion-requirement constraints
analyzed in section 3»
In this case, the questions ares
HOW .uoh could to. mn.e.n,e„. o M n g .  M  angles t M t  «>•> 
oontaot surr.ee » k e s  with . horizontal pl.». h e f » -  •
occurs in the optimum plan?
What influence would these changes have in the
revenue?
Table 10 shows the answers to these questions. The 
constraint names beginning with the letter U refer to upper^ 
bounds, the ones beginning with the letter L refer to lower 
bounds. The subscripts i and j indicate the number of the 
two secondary directions involved in the constraint. Table 
10 also shows the angles required, their upper and lower 
bounds, and the extra profit that can be made by increasing 
or decreasing the required angles in one degree, provi.eu 
that this change lies between the upper ?vnd lower bounds
indicated.
For example. U23 is the constraint associated with the 
upper bound on the angle formed between secondary directions 
XI and III (Fis. I D .  The angle required for this constraint 
is 45° for time periods I and II. Table 10 shows that if 
this required angle lies between 14° and 66° in time period 
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th. » l n t «  “ °”  " " ° "  °' '“■°"'
of $7.7 per decree If tnle requirement Is deereeseU er
increased, respectively. ^
m e  required engle of *5" W  ™ r y  between 20 and 90"
in time period II -Itbout any .bang. In the optl.u. solu­
tion. However, an angle of 90" 1= tbeor.tloally possible, 
but pr.otlo.liy It 1. not reoomse.ded b.e.use it - l U  mvolv, 
dilution of the ore. In tbl. ease, no loss or extra profit 
will be th. oonsequeno, of ohanglng the angle require.ent.
As a general conclusion drawn from Table 10, we can say 
that the problem 1, not highly e.n.ltlv. to oh.nge. In th. 
angle polloy. The reason for this Is that the Interval, 
between the upper and lower bound, on th. required angle, 
are usually large. In most cases, one of the boun 
open, a fact which means that the limiting angle can be 
+90° or -90°. depending on the case. This property of the 
optimum solution can be used advantageously by the manage­
ment of the company in two ways:
1 . More profit can be obtained by setting th. required
angles in an appropriate way.
2 . The mining operation oan be aooo.pHshed with .ore
elasticity In the ore-drawing policy.
— r—  '^^'--een the Tot_al_^ v e n u e  Obtained_ b y . C l i m ^
Co. and t h e ^ £BliçaH2Il-°^-^^^^i^S^=
Molybdenum CO. has produced 1,663.968 tons of ore from the
mining area that concerns-this study up to the
T 1424
date of the study. The total revenue obtained by Climax 
Molybdenum Co, was calculated in the same way as the one 
obtained by the application of the model, that is:
Revenue = S Production-Grade.Price of Molybdenum 

















It can be seen that the increase of revenue was not very 
substantial; in fact, it amounts to only 0.73%.
Table 10 shows the influence of the geometry of the 
system in the total revenue. Therefore, by using the 
results of this table in an appropriate way, it is possible 
to change those constraints.that are harming the revenue.
The geometry of the system is the only thing that a manager 
could change in order to obtain a larger value of the objec­
tive function with the same production and grade requirements 
This is what is intended in the second application of the
model «
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Rpcond Application of the Model 
In the first application of the model to the Ceresco 
level of Climax Molybdenum Mine the total revenue obtained 
was only 0.73% higher than the one obtained by the mining 
company (with the same production). The Intention of this 
application of the model is to increase the value of the 
objective function with the same production and grade
requirements.
In this model, four periods of time will be included. 
The first two periods will have a production of one-half 
that of either of the two periods of the first application. 
The second two periods will have the same production as 
either of the ones Included in the first application.
Table 1 2  shows the production requirements of the four
periods.
Table 12




The intention in putting small production requirements 
on the first two periods is to show that the model can be 
applied to long- or short-range production planning.
The rest of the model is exactly the same as the one
68
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used in the first application, except for some geometric 
constraints.
Geometric Constraints
in Table 10 it can be seen that the following constraints
have a negative or neutral influence in the revenue of period
l: L1415, L1516. LH23. hH56. LH67. LHT8. LH89. These con­
straints govern the lower bound on the angle formed between 
the following secondary directions: 14-15, ^6-17, 17 18,
20-21, 21-22, 22-23, 23-24, respectively.
It can be seen in Fig. 11 that the model forced the pro­
duction of the secondary directions 19 through 24 in period 
I, because the lower bound on the angles formed between 
these secondary directions was equal to zero. Negative 
angles were not allowed. This decreased the total revenue,
as revealed by the sensitivity analysis.
in this application of the model, negative angles will
be allowed as lower bounds on the angles formed between the 
above mentioned secondary directions, in the first 2 periods 
of time. The reason for this can be seen in Table 10.
Example: LH2 3 In period I has an economical influence 
of -0.035 X 103 $/Deg. This means that if the lower bound 
on the angle formed between secondary directions 17 
increased by one degree, that is from 0° to 1°, the revenue 
will decrease by 35 dollars. Hence, if the lower bound on
that constraint is decreased, the total revenue will increas
69
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The new values of the lower hounds on those constraints 
can be seen in Table 13- These values were chosen so as to 
allow the ore body to maintain its original shape in second­
ary directions l6 through 24. In this way no production will 
be forced in this area unless it is highly profitable 
periods I and II«
Table 13
2nd°Ippi?catton°o/?he®lrogreIs?vrBLck^
constraint R ^ - d
11516 -"7°
LH56 - 2 D
LH78
LH89 -27°
The geometric and production constraints for the last 
two periods are the same as the ones used in the first appli­
cation of the model.
Solution of the Problem
The first two periods of time form a system of 571
constraints and 705 variables, with the exclusion of 
artificial variables and 5073 matrix entries. The problem 
was found to be feasible after 399 iterations. The optimal 




Processing time: 1 hr, 25 min, 19 sec
Input-output time; 2 hr, 13 min, 2 sec 
The second two periods of time form a system of 571 con­
straints, 705 variables excluding artificials and 5041 matrix 
entries. The problem was feasible after 347 iteratio 
optimal solution was reached after 466 iterations. The com-
puter times needed were:
Processing time: 2 hr, 12 min, 41 sec
Input-output time: 3 hr, 56 min, 10 sec
The models for the four periods were run in a B-5500 Burroughs 
computer. The linear-programming code used was ALPS I.
T....T._Prn.ramming Results: The values of the objective
function for the four periods of time are shown in Table 14.
Table 14
Periods I and ÏÎ I Periods III and IV 1
15,564,6897,968,005Total Revenue




The optimum production schedule is shown in Table 4B 
(included in Appendix B). This table shows the grade, 
revenue per ton, original reserves, production schedule 
and the total production of each finger. It also ohows 
ore left in each finger, the total production of each period
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of tine, the total production of the whole operation, and the 
total reserves left with their corresponding average grades.
The production schedules of each finger are shown 
graphically in Figs. 23A through 44A. Fig, 12 is a profile 
of the principal direction, and the rest are profiles of 
each secondary direction. Fig. 23A through 44A are included 
in Appendix A.
Sensitivity Analysis : The sensitivity analysis for this 
application of the model will be presented in the same way
as for the first application.
1. Table 5B (included in Appendix B) shows the fingers
that are not in production in one or more periods of time, 
their actual revenue per ton, and the necessary revenue 
increment per ton for these fingers to be considered in the 
optimum plan. For example, finger 13,2 was not considered 
for production in time period I; however, if its revenue per 
ton had been $7.293 + $15.599 =  $22.892 it would have been 
considered in the optimum production schedule.
It can be seen from Table 5B that some fingers have a 
necessary revenue increment of zero to be economical for 
mining. This implies that the optimum solution is not unique 
The practical meaning of this is that if for any reason we 
cannot mine from a finger that was part of the optimum plan, 
we can mine from a finger whose ’’Reduced Cost” is equal to 
zero. By doing this, we do not decrease the value of the 
objective function. Therefore, this gives more flexibility
T 1̂ 124
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Shape after Period I 
Shape after Period II 
Shape after Period III 
Shape after Period IV
Figure 12
6 10Secondary Direction Number




to the optimum solution,
,2. Table 6B (Included in Appendix B) shows the fingers
that are in production, their actual revenue per ton and 
grade. Table 6B also shows the limits within which these 
quantities can vary before there is a change in the optimum
plan.
For example, finger 1,1 has an actual grade of 0..bu., 
Which implies an actual revenue of 7.912 $/ton. According 
to Table 4B the production of this finger in time period I 
will be 1500 tons. This finger will go on producing 1500 
tons in period I so long as the grade remains between 0.27855 
and 0.'230% or, which is the same, as long as the revenue per 
ton remains between $9.59^ and $7-912. If the grade changes 
within these limits there will be a change only in the value 
of the objective function, there will be no change in the 
fingers that are in production or the quantities of ore
extracted from them.
As a general conclusion drawn from Table 6B, we can say
that the optimum solution is sensitive to changes in grade 
because the upper and lower bounds on the acceptable grade 
are quite close to each other; in many cases the two bounds 
coincide, with the result that small changes in the grade of 
these fingers will make the solution invalid (as long as the 
change exceeds one of the bounds indicated). In this case 
the problem can be rerun with the new grade to determine the 
new coefficient of the objective function as well as the new
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coefficients of the grade constraints. In order to avoid 
running the problem again, which i s  time-consuming, another 
iteration in the Simplex Algorithm can be done to determine 
the exiting variable, the entering variable, and its level.
As a result of the figures shown in Table 6B the optimum 
solution is much more elastic and easy to implement 
in practice, grade changes will occur and through the 
fcivity analysis shown in this table management can find a
way to handle them.
3. Table 15 shows the sensitivity analysis of the pro­
duction requirements and their economical influence. For 
example, the production requirement for time period I is 
415,992 tons. The optimum solution will not change so long 
as the production of period I remains between 414,509 tons
and 433,000 tons.
The mining company will incur an extra profit
of $9.594 per ton if the requirement is increased or 
decreased, respectively. This makes the optimum solution 
fmplementable because meeting a requirement of 415.992 tons 





: : : : Z t  z :  z : ^  (per ton)
period I 415,992 414,509 433.000 $9-594
period II 415.992 414,509 440,468 9-59
period III 831.983 811,080 847.967 9.310
Period IV 831.983 806,745 919,323 9-24
4. Table 7B (included in Appendix B) shows the sen­
sitivity analysis of the geometric constraints and their
economical influence.
For example,. 12021 in time period III represents e
dower bound on the angle formed between secondary directions
20 and 21 in period III (Fig. 12). The required angle is
.ero degree; however, according to Table 7B the required
angle can lie anywhere between -6° and zero degree before
any change in the optimum solution occurs. Furthermore,
for every degree that the requirement is decreased, an ex ra
profit of $22.5 is obtained.
The following general conclusions can be drawn from
Table 7B**
in - n ,  I».
pnlnolpal an. op.a- Fan . « W L .
parlod I n.pn.a.nts «,= angl. r . n - d
1 a n d  2 i n  P . n i . d  I  ( « » •  1 2 , .
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on the requirement of this constraint is zero degree and the 
upper bound is open; in other words, the upper bound is 90°.
As far as a mine manager is concerned, this means that he 
can modify the requirement (45°) substantially and thus, 
which is more important, the value of the objective function
is not affected.
In the cases in which either bounds are open, the upper
and lower bounds are quite separated. In most of these 
cases, the economical influence of changing the required 
angles is not zero. Therefore, management can use this 
information to improve the value of the objective function 
by changing in an appropriate way the constraint requirement.
5. - The grade constraints, as in the first application 
of the model, show that the average grade of periods I, H #  
III, and IV must be between 0.2^ and 0.3% molybdenum.
In this case, the grade constraints were not binding. 
This is evidenced by the fact that In the four periods of 
time the slack variables associated with each constraint had 
positive values. Hence, none of these constraints were met 
exactly. Therefore, this group of constraints could have 
been left out. In other words, the grade constraints were 
satisfied automatically by the satisfying of the geometric 
constraints and the production constraints. Evidently, these 
constraints have an economical influence of zero; therefore, 
the value of the objective function will not be affected if 
these constraint requirements are changed marginally.
T 1424
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Comparison of the Total Revenue Obtalned_by Cllmajc 
Molybdenum Co. and the Second_AjBPllçatlori^f_t^^
Table 16 shows this comparison. Only the first three periods 















It can be seen from this table that the difference in 
revenue between Climax Molybdenum Co. and the second applica­
tion of the model is more substantial than the previous one. 
The percent increase over Climax is expressed thus: 
(16,171,598 - 15,511,867)/15,511,867 
% increase = 659,731/15,511,867 - 4.25^
Between the Principal Direction Prp.q ies 
of the First and Second A p p ] i cations of the Progressive
Block-Caving Model 
The principal direction profiles to which we will refer 
in this section are shown graphically in Figs. 11 a 
far as the production requirements are concerned, the brc>en 
line in Fig. 11 corresponds to the dash-dotted line in rig. 12.
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As we said before, the model forced production from 
secondary directions 19 through 24 in the first period of 
time of the first application of the model. This is evi­
denced in Fig. 11 by the horizontal line between the above- 
mentioned secondary directions. Uote that the lower bounds 
on the angle requirements were of zero degree (negative 
angles were not allowed). It can be seen that in the second 
application of the model (Fig. 12) this did not occur due to 
the fact that in this model negative angles as lower bounds
on the angle requirements were allowed.
The fact that the model did not force production from 
the above mentioned area explains the increase of the objec­
tive function value in the second application of the model 
because production was obtained from a more profitable area.
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SUMMARY AND CONCLUSIONS
In summary, linear programming with sensitivity analysis 
of the optimum solution has been successfully applied to the
following cases:
1. Total Block Caving operations. This mining method
involves undercutting a large area with the surface formed 
between the ore and the waste remaining essentially horizontal.
2. Progressive Block Caving operations. A mining method 
that allows development work and production to occur simul­
taneously within a given area. The data used was provided by
Climax Molybdenum Co.
For the latter case, two applications of a linear pro­
gramming model were completed. The total revenue for the 
first application was found to be 0.73% larger than that 
obtained by the Climax Molybdenum Co. operation. The model 
was improved by the use of sensitivity analysis. The applica 
tion of the improved model resulted in 4.25% more revenue 
than obtained by the mining company, with the same production. 
The following conclusions can be drawn from this study.
1. Linear programming can be successfully applied for 
mine-production planning in operating Block-Caving mines.
2. Sensitivity analysis can be very useful in manager­
ial decision-making. It is also a very useful tool for making 
the linear programming solution more implementable in the
80
T 1424
real world: it gives a range where the lincar-programming
solution is valid. In this way, small changes In the real
world do not affect the optimum solution,
3. By relating constraints to policies, for exa p
cutoff grade or drawing angle policies, managem
the economic effect of such decisions through ^ensit y
analysis.
one caution is necessary. The user of any linear pro­
gramming code should be sure that excessive roundoff 
does not occur on the computer on which the program is run. 
Computers do not all have the same precision in handling 
numbers and when many manipulations of the data are required, 
as in the Simplex Algorithm, the loss of accuracy due to
roundoff may become serious.
The ALPS 1 program used in this work avoids th" p
lem by the use of a data refreshing technique.
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.gnOGESTIONS FOR FUTURE RESEARCH
In order to use a linear-programming model consistently 
in mine-production planning for block-caving mines, the
following improvements would be needed:
1 ,  A c o d e  t h a t  c a n  b e  u s e d  t o  u p d a t e  t h e  m a t r i x  e v e r y
time there is a" substantial change in the mine parameters.
2. An economic study that compares the extra profit 
that can be made by using a linear-programming model versus 
the expenses that the company would incur in the application 
of the model. These expenses could be for extra sampling, 
and extra, supervision of the practical implementation of the
m o d e l ,  e t c *
3, It has been observed that the grade of a finger 
decreases towards the end of the life of the finger. If 
enough data are collected, it would be possible to obtain a 
graph that represents the grade of the finger versus the 
amount of ore drawn from it. This would improve the model 
if we could feed the new-grade data to the linear-programming 
code as the production of the finger increases. We can 
suggest one way of solving this problem.
Divide the finger horizontally into sections of differ­
ent grades; associate a different variable to each section.
- Build constraints that oblige the model to start drawing from 
one section after the one below it is finished. ihis can be
82
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accomplished by the use of separable programmingo
4. The total profit of a mine operation could be known 
before starting the development stage (before doing any 
investments), by building a model that Includes the whole 
mine. If the mine is too large and there are no large- 
enough codes to solve the model, a small model can be built 
and rerun several times. In each different run the variables 
corresponding to fingers that are completely exhausted are 
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Fig» lA. 2nd Second­
ary Direction 
Profile»
Fig. 2A. 3rd Second­ary Direction 
Pro file »












Fig, 6A» 7th Second­ary Direction
Profile•
Horizontal Scale: 1/4” - 45’


































Fig, IIA.Twelfth Secondary Direction Profile
Fie» 12A Thirteenth Secondary 
"Direction Profile.













Fig, 15A, Sixteenth Secondary 
Direction Profile,










Fig, 17A, Eighteenth SecondaryDirection Profile,
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Pig. 29A. Eighth SecondaryDirection Profile*












Fig. 31A. Tenth SecondaryDirection Profile.












Fig. 33A. Twelfth Secondary Direction Profile,


























Fig. 37A. Sixteenth Secondary 
Direction Profile.












Fig. 39A. Eighteenth Secondary
Direction Profile.
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Tables Concerning Data, Results, and Sensitivity 
Analysis of the First and Second Application



















4o 6-i4A 11,1406-14B 12,1
1)06-12A 13,1
406-12B 14,1
























































































































































































































































































































































































































































Table IB (Continuer: )
N a m e
L o c a t i o n
(i,J) T o n n a g e  x 10 ̂ G r a d e R e v e n u e 3(1,j)
408-24A 1,7 23 0.237 8.153 16408-24B 2,7 23 0.24 8 8.531 164 08-22A 3,7 36 0.256 8.806 3408-22B 4,7 36 0.268 9.219 3
4 08-20A 5,7 39 0. 308 10.595 0408-20B 6,7 38 0.285 9.804 1408-18A 7,7 38 0.274 9.426 1408-18B 8,7 38 0.277 9.529 14o8-l6A 9,7 37 0.299 10.286 24o 8-16B 10,7 37 0.259 8.910 2408-14A 11,7 36 0.281 7.499 34o8-14B 12,7 36 0.235 8,084 3408-12A 13,7 35 0.180 6.192 4408-12B 14,7 35 0.190 6.536 4408-10A 15,7 32 0.188 6.467 7408-10B 16,7 32 0.176 6. 054 7
408-240 1,8 27 0.236 8.118 12
408-24D 2,8 27 0.270 9.288 12
4 08-220 3,8 34 0. 360 12,348 5
408-22D . 4,8. 34 0.274 9.426 5
408-200 5,8 35 0.294 10.079 4
408-20D 6,8 35 0.308 10.595 4
408-180 ' 7,8 36 0.268 9.219 3
408-18D 8,8 36 0.253 8.703 3
408-160 9,8 35 0.290 9.976 4
408-16D 10,8 35 0.268 9.219 4
408-140 11,8 33 0.253 8.703 6
408-140 12,8 33 0.186 6. 398 6
408-120 13,8 31 0.205 7.052 8
408-12D 14,8 31 0.265 9.116 8
408-100 15,8 29 0.192 6.605 10
408-10D 16,8 29 0.172 5.917 10
408-24E 1,9 26 0.259 8.910 134 08-24? 2,9 31 0 . 313 10.767 8408-22E 3,9 35 0.299 10.286 4408-22A 4,9 36 0.280 9.632 3
408-20E 5,9 36. 0.270 9.288 3408-20P 6,9 36 0.259 8.910 3408-18E 7,9 37 0.306 10.526 2
40 8-l8P 8,9 38 0.367 - 12.625 1408-16E 9,9 38 0.284 9.770 1
4 08-16P 10,9 35 0.274 9.426 44 08-14E 11,9 34 0.209 7.190 5408-14P 12,9 34 0. 240 8.256 5
4 08-12E 13,9 31 0.194 6.674 84 08-12P 14,9 32 0.176 6.054 7
4 08-10E 15,9 28 0.193 6 .639 11
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Revenue Increment Required to Make Non-Productive Fingers 
Economical for Mining, for the Second Application 
of the Progressive Block—Caving Model
Actual Necessary Revenue Increment Per Ton
Finger Revenue % Period II Period III Period IV
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T h e  i m p o r t a n c e  o f  t h e  s e n s i t i v i t y  a n a l y s i s  o f  t h e  o p t i m a l  
l i n e a r - p r o g r a m m i n g  s o l u t i o n  h a s  b e e n  c l e a r l y  e s t a b l i s h e d
t h r o u g h o u t  t h i s  t h e s i s .
I n  t h i s  a p p e n d i x  t h e  s e n s i t i v i t y  a n a l y s i s  f o r m u l a s  w i l l
b e  d e r i v e d  a n d  a p p l i e d  t o  a  n u m e r i c a l  e x a m p l e .
U n c e r t a i n t y  i n  t h e  f o l l o w i n g  l i n e a r - p r o g r a m m i n g  p a r a m e t e r s
w i l l  b e  c o n s i d e r e d :
1 . U n c e r t a i n  c o s t  c o e f f i c i e n t s  o n  t h e  n o n b a s i c  v a r i a b l e s
2 . U n c e r t a i n  c o s t  c o e f f i c i e n t s  o n  t h e  b a s i c  v a r i a b l e s
3 . U n c e r t a i n  c o n s t r a i n t  v a l u e s  ( r i g h t  h a n d  s i d e )
4 . U n c e r t a i n  i n p u t - o u t p u t  c o e f f i c i e n t s  f o r  n o n b a s i c
v a r i a b l e s
5 . E f f e c t  o f  a d d i n g  a  n e w  v a r i a b l e
T h e  f o l l o w i n g  n u m e r i c a l  e x a m p l e  w i l l  b e  u s e d  t o  i l l u s t r a t e  
t h e  u s e  o f  t h e  f o r m u l a s .
P r o b l e m
A n  o p e n - p i t  m i n e  h a s  3 t y p e s  o f  t r u c k s :  8 0 - t o n ,  6 5 - t o n ,
4 0 - t o n .  T h e  h a u l i n g  c a p a c i t i e s  a r e  2000  t o n / s h i f t ,  l 400  t o n /
s h i f t ,  a n d  1 2 0 0  t o n / s h i f t , r e s p e c t i v e l y .
T h e  8 0 - t o n  t r u c k s  u s e  3 h r  o f  m e c h a n i c a l  m a i n t e n a n c e  p e r  
s h i f t ,  t h e  6 5 - t o n  t r u c k s  u s e  2 h r ,  a n d  t h e  4 0 - t o n  t r u c k s  u s e
1 hr.
T h e  r e s o u r c e s  a v a i l a b l e  a r e
1 3 0
T 1424
1 2  d r i v e r s  a n d  24 h r s o f  m e c h a n i c a l  p e r s o n n e l  p e r  s h i f t  
HOW m a n y  t r u c k s  o f  e a c h  k i n d  s h o u l d  o p e r a t e  t o  m a x i m i z e
t h e  t o t a l  n u m b e r  o f  t o n s  h a u l e d  p e r  s h a f t ?
M a t h e m a t i c a l  Formulation
L e t  X i  b e  t h e  n u m b e r  o f  8 0 - t o n  t r u c k s  i n  o p e r a t i o n
b e  t h e  n u m b e r  o f  6 5 - t o n  t r u c k s  i n  o p e r a t i o n
b e  t h e  n u m b e r  o f  4 0 - t o n  t r u c k s  i n  o p e r a t i o n »
M a x  Z = 2000  +  I 6 O O  X g  + 1200  X 3
S u b j e c t  t o :
Xi 4. + Xo 5. 12X2 -r VV3
3X2 4- 2X2 4- Xg <. 24
I n  m a t r i x  f o r m 5 a f t e r a d d i n g s l a c k
v a r i a b l e s  :
X l X 2 ^3 l l ^ 2
Z b
D r i v e r s















1 2  
24 '
M i n i m i z e Z - 2 0 0 0 - 1 4 0 0 - 1 2 0 0 0 b
1 0
— — n
1 s t  j ^ 1 X 2 ^3 l l I 2
z
I t e r a t i o n
0 - 1 / 3 2 / 3 1 - 1 7 3 0
4
X l 1 2 / 3 1 / 3 0- 1 / 3
0 8
Z 0 -- 2 0 0 / 3  '- 1 6 0 0 / 3 0 2 0 0 0 / 3
1 1 6 0 0 0
2n d  I t e r , ^ 1 X 2 X 3 l l I 2
z b
O p t i m a l
X q 0 1 / 2
1 3 / 2 - 1 / 2 0 6
X i 1 1 / 2 0 - 1 / 2
1 / 2 0 6
z 0 2 0 0 0 8 0 0
400 1 1 9 2 0 c
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T h e  o p t i m a l  s o l u t i o n  i s ;  X g  = 6 40 - t o n  t r u c k s
= 6 8 0 - t o n  t r u c k s




Inverse of the Iteration (matrix formed by the
vectors of the slack variables and Z), in this case
3/2 - 1/2 0 
- 1/2 1/2 0 














Coefficients of objective function, in this case 
=  -2000 
C2 = - 1 4 0 0  
Cg = - 1 2 0 0
O r i g i n a l  c o e f f i c i e n t s  o f  o b j e c t i v e  f u n c t i o n  f o r  





c. Coefficients of objective function in optimal 
J
stage, in this case:
Cl = 0
02 = 200 
C 3 = 0
‘B Optimum value for the basic variables.
Value of the dual variables correspondent to the
constraint; these can be found in the last rowthk
of the inverse:
n p l e :
TT̂  = -800 Vg = -400 V3 - -1
From.primal dual theory and the revised simplex algo­
rithm, the following equations must hold:
1) The optimum value of the objective function of the
primal must be equal to the optimum va^ue of the dual
f ^k'^ok “ ^ k J
In this case
800»12 + 400-24 + 1.0 = 6*2000 + 6»1200 = 19200
19200 “ 19200 - 19200
2) Any vector in the optimum tableau can be obtained
by multiplying the inverse of the optimal basis times the
original vector;
2a) Calculation of any matrix vector in the optimum
t a b l e a u





b I = A.




» 2 . 1/2
-1400 2001
2b) cioulatlon of th. optl».m v.lu. of th. v.fl.bl.t X
X. - 51s" » -  r;r,
that these are the basic variables)
0 12 6
0 • 24 6
1 0 19200
Example :
3/2 - 1/2 
- 1/2 1/2 
Boo 400
2c) "calculation of the value of the coefficients of the 
objective function at optimality. In section 2a the value of 
the vector was calculated. The last term of this vector 
(200) corresponds to the coefficient of the objective func­
tion Cg. In other words, if any matrix vector is multiplied 
by the last row of the inverse, the value of the coefficient 




Cg = Cg - ttA^
Üg = -140 0 - (-800 400) 12
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C = -1400 + 800 + 800 = 200
3) calculation of the values of the dual variables.
The values of these variables can be obtained by multiplying 
the original coefficients of the objective function, for the 
basic variables times the inverse:
In this case: 
Cg b I = It
(-2000 - 1200) •1/2 1/2 3/2 - 1/2 = ( — 800 — 4 00)
1 . ,T...rtain Cost Coefficients.^oxLii£n^ Varla^
The problem is: How much does the cost coefficient
a nonbasic variable have to change before it affects
optimum solution?
In terms of this problem: How much has to be the
be considered in operation?
Relation 2c 
Cj = c^ - irAj
Suppose that one Cj is increased by 0
c* = C . •(- e (C* is the new cost coefficient)j 0 J
= c. - VA. + 00 J bt
CÏ = c j •)• 8
ir 6 1,........ .... 0 . 0. C- . 0 for all 0. .o„..,..ntl»
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there will be no change In the basis»
It is necessary that C* = 0 for variable Xj to enter 
the basis. Therefore, if 8 decreases to some negative value.
then
0 = Cj + 0
e = -Cj
C o n s e q u e n t l y ,  t h e  s t a b i l i t y  l i m i t s  o f  t h e  b a s i s  a r e
Cj - C . < Cj < ~
The exiting variable would be the one with least b^/a^j
in column j , so that â ĵ > 0,
For this example. Xg is the only nonbasic variable:
-lAtiO - 200 < Cj < “
-1600 < Cj < «>
If t h e  c a p a c i t y  o f  t h e  s e c o n d  t y p e  o f  t r u c k s  w e r e  16OO 
tons/shift, t h e y  w o u l d  b e  c o n s i d e r e d  i n  t h e  o p e r a t i o n a l  p l a n .
T h e  e x i t i n g  v a r i a b l e  i n  t h i s  c a s e  w o u l d  b e  X 3  o r  X ^
b e c a u s e  b o t h  h a v e  t h e  s a m e  b j _ / a ^ j  r a t i o .
X 3 ^ 1/^12  ̂ ^
Xi b / Z g ^  = 6/1/2 = 12
2 .  U n c e r t a i n  C o s t  C o e f f i c i e n t s  o f  B a s i c  V a r i a b l e s
P r o b l e m :  W h a t  a r e  t h e  l i m i t s  w i t h i n  w h i c h  t h e  c o s t  c o e f ­
f i c i e n t s  o f  a  b a s i c  v a r i a b l e  c a n  v a r y  b e f o r e  t h e  o p t i m a l
s o l u t i o n  c h a n g e s ?
In this case: How much could the capacity of truck type 1
1 3 6T 1^24
and type 3 be changed before they are not considered in the
operation plan?
Relation 2c
G . = C . - ttA^
but
C„ = IT (relation 3) B
If relation 3 is multiplied by Aj
Qg Aj = ttA^
but
A . = A . ) therefore J J
Cb ÂJ = ’TAj 
so relation 2c can be written as
Ct3 are the cost coefficients of the basic variables» B
Let m variables be the basic ones :
Basis ( ^^2a • • » • *^3  ̂• * • * 
on the expanding of the last relation;
Cj — Cj - C^a^j - ^2^2j '/ “ ^s^sj ’ ’ * ^m^mj
If C is changed in 9, the result is;s
= Cj  -  -  c^a^. -  . . .  ( Cg + G) %s j  -  • • •  -
Cj = Cj - Cjî â j - C^a^j - ... -^3^3j - ... ~
T 1424
= Cj - ez,j
For basic variables^ if s = j then a = 1_ J (it is a unit matrix)
5 f j then Ugj ” 0
If j is basic and j = r f s, then a^^ = 0 and Cj = 0 
(basic), then in this case c] = 0. Therefore, there is no 
change in the basis.
The problem can arise when with the changing of a cost 
coefficient of a basic variable, changes occur in the 
optimum cost coefficients of the nonbasic variables. One of 
these may turn to be negative; therefore, this variable
would enter the basis.
Let s be basic and j be nonbasic. For this case we will
study what happens with Cj when we change C^:
Gt = O'. - a .8 >, 0 for all j 
J J s J
a) If 6 increases and a^j < 0,
C* will never be < 0, therefore no change will occur in J
the basis,
b) If 0 increases and a^j > 0, then for some 0, C* 0.
Therefore, this will be the maximum value of 0,
Max 0 = Min [C./a .]J s J
‘ .J ' "
We consider the minimum value of Cj/a^j because at this 




If 0 decreases and a^j < 0 ,  then for some 0, C 
Therefore, the minimum of Q will be
Min 0 = Max [Cj/a^j] 
j < G
The stability limits of the basis are
C.. + Max [CVZ,.] < Cg i C 3 + Min [Cj/Zgj]
5  J ^  J
0
j basic j basic

















X 3 -2000+200/ 1/ 2”—1600
X2 1XgorX^
X 3 -2000 -1200+400/—l/2““2000 12
Xi -1200+200/ 1l/2=-800 ^2
XgOrX^
This means in terms of our problem that the capacity of 
the first type of trucks can vary between 3600 and 16OO T/ 
shift; and the capacity of the third type of trucks can vary 
between 2000 and 8OO T/shift before there is any change in
the optimal solution.
The entering variable Is the one whose Cj = 0 when the
change is made in the Cj of the basic variable. The exiting
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variable is found in the column of the entering variable, so 
that b /Z,j is minimum, with > 0; j indicates the
entering variable and i indicates the exiting variable.
3 . U n c e r t a i n  C o n s t r a i n t  V a l u e ^ J ^ h t - h a n _d_J l d e l
A change in the R.H.S. (b^) does not affect the optimum
basis because it does not have any effect on the Cj.
(optimum coefficients of the objective function.) However, 
it affects the value of the objective function because
Min Z = 2 C.X. = Zv^b^ = Max V 
J  ̂  ̂ i
The problem is to find how much can the bi be changed 
before any b^ goes negative. The first condition of feasibil­
ity of a primal linear-programming problem is that all Xj > 0 
Therefore, the R.H.S. is not allowed to be negative or the
problem Is infeasible.
We have;
Xg = b = B^-b (relation 2b)
An element of b is obtained by multiplying the cor­
responding row of the inverse (51) times the vector b.
(gl = row of fil)Xi = bi = b 1 b - 1
An element of b will be changed by 8
= bĵ. + 8 (b^ = rtb element of b)
Now the new b^ is b^
X* = b* = B i b  + B ^ . e
T 1424 140
““1 \(r = column of B )
(i = row of B^)
B e f o r e  a n y  f u r t h e r  p r o c e d u r e  w i t h  t h e  a n a l y s i s ,  t h i s
l a s t  e q u a t i o n  w i l l  b e  i l l u s t r a t e d  i n  t e r m s  o f  t h e  n u m e r i c a l
e x a m p l e :
T h e  v e c t o r  b i s  o b t a i n e d  a s  f o l l o w s :
3/2 -1/2 12 I 6
X b  = b -
- 1 / 2 1/2 24 j 6
E x a m p l e :  W h a t  h a p p e n s  t o  o n e  ----------
when the first element of b (12) is changed by 8. We obtain





(-1/2 1/2) 12 + e
24
= -1/2"(12 + 8) + 1/2'(24)
= 6 -1/2*8
The problem arises if 8 is increased to (12 + e), then 
the second element of b goes negative and the solution is
infeasible.
In general:
Y* = b" = b. + *6 > 0  for all i.^i i 1 ir
1) If 6 increases and > 0, then b̂  ̂ will never
negative. Therefore, there will be no change in the basis.
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2) If b L  < 0 a n d  0 I n c r e a s e s ,  then for so m e  6 . b* = 0
< 0)
This gives the maximum value of 0®
Max e = Min C - V ® l r ^
.... ... V..U. Of e-ï./5ï.l
.. , .... Ô. go., to ..ro; .wroforo. ^ ' “
basis.
If > 0  and 0 decreases, for some 9,
gives the minimum value of 9.
0, this
Ml. e - Max [ - V S i /  C  ouo. ...t S L  > »>
Therefore the stability limits of the basis 












1 2 12 + -6/ I2 X 33/2 = 8
24 24 + -6/ II xi
1 / 2 = 12
Upper Bound 
brMin[-b i/Bj_x-] Enter,! Exit, 
Var. I Var
12 + -6/ 
-1/2 = 24
24 + -6/ 
-1/2 = 36
The itM row of the inverse, in which the corresponding




The entering variable is found in the following way 
in the row of the exiting variable, find the minimum ratio 
of with j so that agj < 0. This relation is
obtained from the dual simplex algorithm.
is. uncertain Input-Output Coefficients for. Nonbasic Varia.bles 
Problem: What is the effect of changing a matrix entry
(a.*) of a nonbasic variable?
In terms of the numerical example; there is only one 
nonbasic variable (Xg), its matrix entries are 1 (the truck 
takes 1 driver) and 2 (the truck takes 2 hours of maintenance 
per shift). This question arises: How many hours of
maintenance per shift should the second type of trucks take 
to be considered in the optimum-operation plan? (There is 
no point in doing the sensitivity analysis of the num
drivers per shift.)
Relation 2c:
One of the nonbasic coefficients of Aj will be changed 
by 0. The new Cj will be Cj.
C* = c. - -rra. . - v^(a^j + 8) - ••••• ^m^mjJ J J
C* = Cj -
1) If TTp > 0 and 6 increases, then Cj 0 for 9 Cj/v
2 ) If TT < 0  and 0 decreases, then Cj' = 0 for 9 - Cj/ir
T 1424
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T h e r e f o r e  t h e  l i m i t s  o f  s t a b i l i t y  o f  t h e  b a s i s  a r e
TVp > 0
Tip < 0 Rpj + Cj/TIp ^  Apj > 09
Applying these results to the numerical example we get 




L o w e r  B o u n d
a r j + C j / T i p






U p p e r  B o u n d E n t e r .Var.
XsOrX^
E x i t
Var,
5 of Introducing_..a New V a r l a ^
PP061,.: «l». 1. . M  aff.ot of adding « n.» v.flobl. m
t h e  o p t i m u m  s o l u t i o n ?
In terms of the numerical example : Would a new
with the following characteristics be considéré
O p t i m u m  s o l u t i o n ?
Truck type 4 : takes 3/2 hr of maintenance
h a u l s  15 0 0  T / s h i f t  
A l l  t h a t  h a s  t o  b e  d o n e  i s  t o  c a l c u l a t e  C ^ ,  i f
C > 0 I t  w i l l  n o t  b e  c o n s i d e r e d .
C' < 0 It will be considered.
Relation 2o o.n to « « 1  ‘'‘«t
14
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Cj, = - tvAu
C = -1500 + (800 400) 1
3/2
=  —100
is negative; therefore, if this variable goes into 
the basis the objective function will be increased. Conse­
quently, this type of truck will be in operation.
As a variable is going into the basis, another variable
must leave the basis. The exiting variable can be found by
calculating the ratios V ^ i 4  ’
ratio corresponds to the exiting variable.
V ^ 1 4  = 6/1 = 6
b2/ag4 = 6 3/2 = 4
The second row corresponds to the variable X^; there- 
fore, this variable leaves the basis.
145
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